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Introduction

In the economic literature, rent means the economic form of realization of land ownership,
(Ili¢, B. 2019) i.e. rent is ownership income derived from the ownership (legally
established and sanctioned) of certain land areas. (Avakumovi¢, J., at al. 2021) The
functions of rent are multiple:

— at the macro level of the national economy, it is not possible to ensure the unity
of the economic and market space, among other things, without the economic
function of rent;
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— rents are important in the field of ecological protection of natural and other assets
and their preservation for future generations; (Milosevic, ., Stankov, B. 2023)

— at the micro level of individual producers, the economic function of rent
conditions the movement of production costs within certain frameworks, and
breaking through these frameworks means reducing the producer’s income
(profit); (Milojevic, 1., & Mihajlovi¢, M. 2019)

— rent is an important element of establishing market balance, because the supply
and demand for resources and production oscillates depending on whether the
actual sizes of the manifest forms of rent are greater or less than its amount in a
state of equilibrium. (Ili¢, B., & Krsti¢, S. 2013)

Capital is invested in order to obtain income (land rent) and in this sense no distinction
should be made between land rent and interest on capital invested as interest-bearing
capital. (Chen, C., at al., 2023) By investing capital in the purchase of land, the capitalist,
in addition to ownership of that land, also acquires a monopoly on the use of the natural
conditions associated with that land. (Miteva, A., & Doitchinova, J. 2022) If the land
has special natural advantages (special qualities, special microclimatic conditions, etc.),
(Heckova, J.,2019) the landowner acquires a monopoly of a special kind and this gives the
capitalist the opportunity to, in addition to differential and absolute rent, also appropriate
monopoly rent. (Rothschild, M., & Stiglitz, J. E. 1978) Land rent does not appear only
in agriculture, but everywhere where land is the main object of work (mining, forestry,
construction, etc.). (Jelo¢nik, M., at al., 2022)

Hereitisimportantto explain therelationship betweenrentand groundrent. (Vladisavljevic,
V. at al., 2023) In the case of rent, the tenant takes from the owner of the land the right to
use it and pays rent for it. (Babajanov, A., at al., 2023) Rent is therefore a market category
and an economic expression of the relationship between capitalist tenants and capitalist
landowners, (Ryazantsev, ., & Ivolga, A. 2021) i.e. it is the fee paid by the tenant to the
capitalist landowner for the use of the given land and is equal to the land rent. (Qiao, X.,
& Feng, T. 2023) This compensation has the character of interest on the fixed capital
invested in the land. (Ili¢, B., at al., 2022)

On the other hand, ground rent specifically refers to the payment made by the owner
of a leasehold property to the freeholder or landlord who owns the land on which the
property is built. In this arrangement, the property owner essentially rents the land from
the landlord and pays ground rent as a form of leasehold payment. (Ili¢, B., at al., 2022)

In summary, while rent is a broader term that encompasses all payments made for the use
of a property, ground rent is a specific type of rent that relates to leasehold properties and
represents the payment made for the use of the land on which the property is situated.
(Bradfield, T., 2023)

Rent calculation plays a crucial role in the real estate industry, influencing both landlords
and tenants in determining the monetary value associated with property usage. The
traditional methods of rent calculation often involve complex formulas and considerations,
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making it challenging to arrive at a mutually beneficial rental agreement. (Ili¢, B.
2019). However, the integration of mathematical concepts, specifically definite integral
calculus, can simplify and streamline the rent calculation process. (Wu, W., & Yuan, X.
(2023). By understanding how to apply integral calculus techniques, individuals involved
in property rental transactions can optimize rent determinations based on objective and
logical criteria. (Qiao, X., & Feng, T. 2023)

Materials and methods

Before delving into the application of definite integral calculus in rent calculation, it
is essential to understand the fundamental concepts of this mathematical tool. (Ely, R.,
Jones, S.R., 2023). Definite integral calculus, also known as the calculus of definite
integrals, deals with the computation of integrals with specific limits. These limits, often
referred to as the limits of integration, provide a means to determine the area between a
curve and the x-axis over a specified interval.

The application of definite integral calculus in rent calculation extends beyond simple
scenarios involving time-dependent rental rates. (Denci¢ Mihajlov, K., 2020) Integration
can also be employed to analyze spatial configurations and irregular occupancy patterns.
(Oehrtman, M., Simmons, C., 2023) For instance, in cases where the rented area
varies over time or is non-uniformly distributed within a property, the total rent can be
determined by integrating the rental rate function over the corresponding area intervals.
(Qiao, X., & Feng, T. 2023)

Furthermore, definite integral calculus enables landlords and tenants to optimize space
utilization and allocate rental costs efficiently. (Ili¢, B., 2020) By segmenting the property
into distinct rent zones with varying rates, integration can be used to compute the total
rent for each zone and derive an equitable distribution of expenses based on usage. (Ciri¢,
1.,2022)

The application of definite integral calculus in rent calculation can be broken down into
several steps: (Ely, R., Jones, S.R., 2023)

Step 1: Identify the Relevant Factors

To begin with, it is crucial to identify the factors that significantly influence rent
determination. These factors may include property size, location, market conditions, and
maintenance costs. Each of these factors can be represented as a function of the rent,
allowing for a more comprehensive understanding of their individual contributions.

Step 2: Establish a Functional Relationship

Once the relevant factors have been identified, a functional relationship must be
established between these factors and the rent. This relationship can be expressed as a
mathematical equation, where the rent is the dependent variable, and the factors are the
independent variables.
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Step 3: Integrate the Factors

With the functional relationship in place, the next step involves integrating the factors
using definite integral calculus. This process enables the computation of the combined
effect of these factors on the rent. The definite integral calculus allows for the integration
of multiple variables, providing a more accurate and holistic representation of rent
determination.

Step 4: Interpret the Results

The final step involves interpreting the results obtained from the integration process. By
analyzing the output, one can gain valuable insights into the relative importance of each
factor in determining the rent. This information can be used to adjust rent estimates and
develop more effective rental strategies.

We will take under consideration functiony = f(x) defined onsomesegment [a, b].The
interval[a, b]isdividedintonequalpartsa = xg < xq < Xy <...< X1 < X, =Db
, where X1, X»2,..., X5 represents ends of small intervals that belongs to the interval

[a, b]. (Damnjanovi¢, R., at al., 2018) Values of the function f (x) at the ends of those
subintervals are: f(xq), f(x2), f(x.—1), f(x,).

Figure 1. Graphic representation of the integral account

g
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Source: Shekutkovski, N. (2013)

What is the procuct of f (x1)(x; — xg) = f(x1)Ax?

It is the area of the smallest rectangle in the image. In general, the area of an ith rectangle
is f (x;)Ax, while the area of all those rectangles is 2,i—, f (x;) - Ax. This surface is
different from the image surface in Fig. 1 bordered by the curve v = f(x), x axis, and

the directions ¥ = @ and x = b for the hatched part. (Herceg D., 2009)
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Figure 2. Splitting intervals to display partial intervals
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When the interval [a, b] is divided into an even larger number of partial intervals

x; — Xj—1 = Ax, (Fig. 2) the sum of the areas of the rectangles of which these partial

intervals are the base will differ even less from the area of that curvilinear picture. (Haq, S.,

atal., 2022) When is h — ©0, thatis Ax — 0, the limit value of that sumlim f (x;) - Ax
n—oo

is completely equal to the area between the curve y = f(x), thelinex =aix =b

, and the x axis. It is marked with j: f(x) dx iand is called the definite integral of the

function f (x) in the limits from @ to b. (Huffman Hayes A., 2024) The definite integral
is, therefore, the limit value of the sum of the area of the partial rectangles. The sign of the
integral, the elongated letter S, is the initial letter of the word “sum”. (Sharipova, M. 2024)

Results and Discussions

Let’s assume that the land area is Ry, R5, R3,..., B, dinars of rent at the end of the
current year, that is, at the end of each of the next n — 1 years. The present value A of
such an annuity is equal to A = Ry~  + Ryr 24+ 4R, r " =31 Ryr™ ¥,

provided that compound interest is calculated decursively and that the interest
rate is constant during that period. If Ry = const., (k= 1,2,...,n), than

-1
r—1
Let’s assume that the rent does not arrive discontinuously, in leaps and bounds at the
end of each year, but flows continuously throughout the year. (Ely, R., at al., 2023) Let

A=RYp,r* =R =RV

. . . . . 1.
it be received in this way every year at R dinars. Then comes approx. R Tes dinars per
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1
day, R 365-24 dinars per hour etc., that is R - At dinars per small interval of time At.
(Kocovié, J., Pavlovi¢, M., 2018)
If the rent R - At is due after t godina, years, starting from today (when t = 0), i.e.

In interval t, t + At, then its present value, with continuous interest, is approximately

_rt
equal R - Ate 100,

What is the present value of the annuity in the entire interval fromt = 0 to t = x years?
pt

Obviously, it is approximately equal to the sum: 2, atefox] R e 100 - At,
The mark At € [0, x] p indicates that the summation is performed by time intervals At
fromt = 0 to t = x. (J.W.L. Glaisher, 1871)

_rt )
If At — 0, the sum converges to the integral f; R e 100dt, which represents the exact
value of the considered rent at time ¢ = 0. (Normatov, A. 2023).

In the special case, when the annual interest rate p is fixed, we have

x _ _Pt x _Bt 100 _Ptq" 100 _ Pt 100
f Re 100dt:Rf e modt:R[——e 100 :R(——e 100 -I——).

0 0 P 0 v P
Therefore, the present value of 4 annuity of R dinars for the year, which flows continuously

for x years with continuous interest p = const., is equal

100 _Bx
A=R '—(1—3 100).
p
Obviously, A4 is a simple function of time x and interest rate p. It is easy to see that A

depends on x. (Wu, W., & Yuan, X. 2023) It is evident that A is larger as x is larger, i.e.,
that the present value of the rent increases when the time interval is wider. (Oehrtman, M.,
: 100
Simmons, C. 2023) What’s more, it follows the above relation that it is ;EL_{E;.A =R .
This result is interesting, because it shows that the present value of rent in the continuous
and discontinuous case is equal. (Shekutkovski, N. 2013) Therefore, the actual or present
value of an annuity does not depend on how that annuity flows or how interest is calculated
(continuously or discontinuously). (Koc¢ovi¢, J., Pavlovi¢, M., 2018).

It is easy to show that A decreases when p increases (x is fixed), or symbolically
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IimA=0 li — i 100 s ~1os) — —
pco , since it is pﬁ’?éﬂ = pL_{?{LRT . pl_{}éj(l —e 100)=0(1-0)=0
It follows that in the continuous, as well as in the discontinuous case, the present
value of the rent decreases when the interest rate increases. (Bradfield, T., at al., 2023)
This statement highlights an important relationship between the present value of rent,
continuous or discontinuous, and the interest rate. (Kocovi¢, J., Pavlovi¢, M., 2018) In
essence, it suggests that as the interest rate rises, the present value of the rent tends to
decrease. This can be understood through the concept of time value of money, which
states that a dollar today is worth more than a dollar in the future due to its potential
earning capacity in the interim. (Vladisavljevi¢, V., 2023)

In the context of continuous and discontinuous cases, it implies that whether the cash
flows from rent are received in a steady stream or in discrete intervals, the effect of
interest rate changes remains consistent. Higher interest rates make future cash flows
less valuable in present terms, leading to a decrease in the present value of rent. This
relationship is crucial for financial decision-making, as it helps in evaluating investment
opportunities and making informed choices based on the expected interest rate scenario.

In the case of determining the continuity of the rent calculation, that is,
whether it is more favorable to receive the rent continuously during the year,

rather than all at once at the end of the year in the case where R = 50000
dinars for the year, x =28 wyears and p =5 per year. That’s when

A'=50000-22(1 — e™*) = 1 000000(1 — 0,246579) ~ 753403 dinars,
in the event that the rent arrives continuously, assuming that it is working with compound
continuous interest. (Popovi¢, G. 2006)

If compounding is discontinuous and decursive (Kocovié, J., at al. 2020), and the rent is
received at the end of the year, we have

A = 50000 - IV2% = 50000 - 14,89812726 = 744906 dinars, i.e. now less,
because it is more favorable to receive rent continuously throughout the year, than all at
once at the end of the year. (Vasiljevi¢, Z., at al., 2006)

This arrangement provides a steady cash flow for the landlord, ensuring financial
stability, and allows tenants to manage their expenses more effectively, avoiding potential
financial burdens. Additionally, this method fosters a more harmonious landlord-tenant
relationship, as it reduces the likelihood of disputes and promotes a sense of responsibility
and reliability on both sides.

By extending this methodology to more complex rent structures, such as variable rental
rates or lease extensions, property owners and tenants can benefit from a systematic and
mathematical approach to rent calculations.
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Conclusion

The paper deals with the problem of the possibility of calculating rent using the
economic application of a definite integral. The application of definite integral calculus
in rent calculation offers a powerful tool for real estate professionals and researchers.
By integrating the diverse factors that influence rent determination, this mathematical
technique allows for a more accurate and comprehensive understanding of the underlying
processes. By leveraging the principles of calculus, property owners and tenants can
establish equitable and transparent rent agreements that account for various factors
influencing rental costs. As technology advances and computational tools become more
accessible, the application of mathematical techniques in rent calculation is poised to
enhance the accuracy and efficiency of rental transactions.

As aresult, the utilization of definite integral calculus in rent calculation can lead to more
informed decision-making and improved outcomes in the real estate market. As the real
estate industry continues to evolve, the integration of calculus in rent calculation remains
a valuable tool for optimizing financial outcomes and enhancing property management
practices.

We came to the conclusion that the present value of the rent increases when the time
interval is wider, but that the present value of the rent is equal in the continuous and
discontinuous case. Therefore, the actual or present value of an annuity does not depend
on how that annuity flows or how interest is calculated (continuously or discontinuously).
The present value of an annuity is determined by factors such as the number of periods,
the interest rate, and the payment amount, rather than the specific timing or mechanics of
the payments. This concept allows for a consistent method of evaluating different types of
annuities, regardless of their individual characteristics. It follows that in the continuous,
as well as in the discontinuous case, the present value of the rent decreases when the
interest rate increases. Furthermore, the next conclusion is that it is more favorable to
receive rent continuously during the year, than all at once at the end of the year.
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