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Summary

The aim of this paper is to research some of the most important financial-stochastic 
models which enable the description of the dynamics of agricultural exchange rates. 
This dynamics is usually characterized by the properties of nonlinearity,  hence the 
so-called conditional heteroskedastic models are used as the basic models for precise 
description of its behavior. The basic stochastic properties of these models, as well as the 
procedures to estimate their parameters, are also studied here. Finally, the conditional 
heteroskedastic models are applied in fitting of the empirical data: the nominal average 
cereals exchange rate indexes between the U.S. and the other countries.
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Introduction

For success in the business of market entities, it is very important to determine a certain 
degree of legality in the market, based on the current fluctuations (evolution) of the 
prices and other financial indexes of some products, as well as predict their future 
trends. To this aim, all relevant, available information that can be of significance for the 
movement of these indexes should be collected and also described by the appropriate 
mathematical model. The time and dynamics are usually taken into account as the basic 
categories, hence the determination of basic market laws can be made using the theory 
of probability. More precisely, the time series analysis can be made with the stochastic 
models, on the basis of which the uncertainty that occurs on the market is interpreted. 
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The aim of this paper is to research the most important financial-stochastic models 
that can describe various elements of the market of agricultural products, mainly the 
dynamics of their exchange rates. For this purpose, the new possibilities of the dynamics 
analysis, primarily related to the stochastic analysis of the financial index dynamics and 
formation of the appropriate theoretical model, are highlighted (Chavas, Cox, 1997). 
Apart from the standard methods in agricultural time-series analysis special emphasis 
is given to their practical application (Hill, Donald, 2003).

Many empirical results confirm the pronounced non-linearity of the financial index 
dynamics, which is also transmitted to the corresponding financial-stochastic modelling. 
In this sense, the base of formation of the appropriate models should be looked for in 
the well-known Autoregressive conditional heteroskedasticity (ARCH) models. These 
models have made radical changes in the stochastic analysis of financial indexes. The 
ARCH model as the basic mechanism in the analysis of financial indexes was introduced 
by Robert Engle (Engle, 1982), giving the very successful analysis of inflationary 
dynamics in Great Britain in 1982. Later, in 1986, Tim Bollerslev (Bollerslev, 1986) 
defined the so-called Generalized Autoregressive Conditional Heteroskedastic models 
(GARCH models) with the ARCH models as a conceptual basis. These models have 
been further modified and  are still in use today (Balakrishnan et al., 2013).

The two mentioned kinds of models were able to explain a number of the properties of 
financial indexes, primarily, the changes in their volatility (Barndorff, Shephard, 2002). 
The basic stochastic features of these models are described in this paper. Furthermore, 
their application in modelling and studying the volatility of monthly data for the average 
exchange rate of some cereals, such as corn, rice, wheat and soybeans, between the 
U.S. and 79 other countries, plus the European Union (EU), is also given.

Theoretical background and methodology

As we already mentioned, many results based on the analysis of empirical data indicate 
the pronounced nonlinearity in the financial index dynamics, which is also transmitted 
to the corresponding financial-stochastic models. Without going into more detail on 
different concepts and ways of formally defining the market itself, from a stochastic 
point of view, the uncertainty which occurs on the market can be described by the 
probability model in which the dynamics of a financial index is represented by a 
stochastic process (Franses, Dijk, 2000):

which represents the family of random variables that depend on a discrete time 
parameter n. The assumption that the time moments n are discrete, is based on the fact 
that in specific (e.g. stock-exchange) situations, the index S is registered at separate time 
intervals and, as such, is described in the form of the above-mentioned stochastic time 
series (Figure 1.). Additionally, we assume that the problem of uncertainty that occurs 

in each financial market can be described by the so-called filtration , for 
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which the following is valid:

.
In the basic interpretation, filtration F represents a set of information on the market that 
is available to each participant, concluding with the moment of time n. Such a market 
concept corresponds to the model of the financial index in the following form:

,                                                     (1)

where , and (hn) is a sequence of the random variables named 
the logarithms of incomes or, simply, the log-returns. This is motivated by the fact that, 

according to the previous equalities, it follows that , i.e. 

.   
                     (2)

It is obvious that  holds, so that any change of the index S (i.e. the 
series Sn) can be explained by the corresponding change of the log-returns hn.

Figure 1. The dynamics of the nominal monthly average exchange rate of cereals in the U.S. 
trade market, compared to other countries, in the period 1970-2017.

Source: Economic Research Service of the United States Department of Agriculture;
Note: Authors’ computation in Excel, 2017.



1104 EP 2017 (64) 3 (1101-1114)

Aleksandar Damnjanović, Neđo Danilović, Erol Mujanović, Zoran Milojević

Thus, the main problem here is to find an adequate model that could describe the 
distribution of the series (hn) and, therefore completely describes the behaviour and 
dynamics of the financial index S. For that purpose, we assume that the series (hn) has 
the conditionally-Gaussian distributional form (Mikosch, 2001):

                                                (3)
where ( ) is Fn-1-adaptive series which presents the total volatility, i.e. variability 
in the dynamics of the series itself. Since  each market participant takes into account 
the values of index S as well as the degree of risk with which it enters into a particular 
investment, volatility is the basis for calculating this risk. By the Eq. (3), volatility is 
also defined as a series of random variables and, in that way, expressing its variability 
in time. On the other hand, (εn) presents a series of Fn-adaptive independent identically 
distributed (i.i.d.) random variables with the standard Gaussian N(0.1) distribution, 
popularly called “white noise”. Thus, this series defines fluctuations of the series (hn) 
that cannot be described by the volatility itself. 

Figure 2. The monthly log-returns of the nominal average exchange rate of cereals (U.S. 
trade market vs. other countries) in the period 1970-2017.

Source: Economic Research Service of the United States Department of Agriculture;
Note: Authors’ computation in Excel, 2017.
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The series (hn) represents the sequence of uncorrelated random variables with a 
mathematical expectation:

  (4)

and dispersion:

 .  (5)

Thus, it is often used as a stochastic model of the dynamics of empirical financial 
data (Figure 2). In addition, the observation of the squared series (hn

2) is often needed, 
which, according to the previous equations, presents an optimal unbiased estimate of 
the volatile series (σn

2).

In order to express the volatility of financial series in the form of time series of 
discrete time parameter, (Engle, 1982) introduces, today already historically known, 
autoregressive models of conditional heteroscedasticity (ARCH models). The base of 
the ARCH model interpretation defines the Eq. (3) as well as the recurrence relation for 
determining the volatility series:

     (6)

In this way, volatility depends on the previous, known values (hn) and can be explicitly 
expressed on the basis of them. The ARCH model described by Eqs. (3)-(6) has a 
unique stationary solution if and only if the characteristic polynomial:

has the roots r1, r2,..., rp which satisfy the condition 1|| <jr , j = 1,…,p or, equivalently, 

1
1

<∑ =

p

j jα . This fact is an important prerequisite for the successful implementation of 

the ARCH model based primarily on the estimation of unknown coefficients páá ,,1 
. In accordance, the ARCH model can be formed over the corresponding set of real, 
empirical data, as will be explained in detail in the next section.

The successful applications of the ARCH model led to the creation of new, more 
complex models that enabled the description of the different effects of the behaviour 
of financial markets. As a consequence, beside standard ARCH models, today exist 
many of its general modifications, which are based, more or less, on similar ideas and 
assumptions. Historically, the first generalization of the ARCH model was introduced by 
Tim Bollerslev (Bollerslev, 1986), who defined the so-called General ARCH (GARCH) 
model, with two parameters , 0p q > . In that model, usually labelled as GARCH (p,q), 
equality is taken (3), but the volatility ( ) is described by a relation: 
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, 
                                (7)

where . Similarly to the ARCH models, the necessary and sufficient 
stationarity conditions of the GARCH models can be shown. 

The basic difference between these two models consists in different values of parameter 
p in statistical processing of data (and their modelling). Namely, the GARCH models 
give satisfactory estimates and adaptivity to real data, even for small values of p and 
q. In contrary, the ARCH models require the relative large value of the parameter p. 
Further generalization of the (G)ARCH type of model has resulted in creation of new 
models (EGARCH, TGARCH, HARCH, etc.) which, to a greater or lesser degree, 
complement the deficiencies of the basic models of the ARCH / GARCH type (see, 
for instance (Fornari, Mele, 1997), (Francq et al. 2001), (Popović, Stojanović, 2005), 
(Zakoian, 1994). 

Results and discussion

In this section we present the basic facts about the procedures for estimating unknown 
parameters. The practical application of the model of conditional heteroskedasticity 
in nonlinear modelling of the exchange rates of some agricultural series has also been 
presented. The basic assumptions of these estimation methods are based on the works 
(Popović, Stojanović, 2003), (Stojanović, Popović, 2004), where a detailed overview 
of the below mentioned procedures was given. 

Estimation in ARCH models

In the first step, we consider estimation procedure and application of the ARCH models, 
based on empirical data, i.e. the sample h1, …, hn, which represent log-returns of the 
aforementioned series of the nominal exchange rates of agricultural products. For that 
purpose, the estimation of the coefficients α0,  ..., αp of the ARCH model, given by Eq. 
(4), is necessary. The most commonly used technique is the so-called Quasy Maximum 
Likelihood (QML) method, based on the assumption of the conditional Gaussian 
distributed series (hn). In this case, the likelihood function has the form:

and the QML-estimates of the coefficients α0,  ..., αp are obtained as solutions of the 

system of equations 0)( =∂∂ jaL θ , pj ,,1,0 =  which, after some computation, 
becomes:
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.  (8)

Notice that in this way the obtained QML-estimates represent also the regression 

estimates of the series (hn
2), observed in relation to its previous realizations 22

1 ,, pnn hh −−  .

Estimation in GARCH models

The procedure related to the ARCH model parameters estimation can be generalized 
and applied in the case of the GARCH type models. Thus, for example, the QML 
estimation of an unknown parameters θ = (α0 , α1, ..., αp, β1, ..., βq)

T is based on the same 

likelihood function, with this difference that the volatility series )( 2
nó  is here described 

by Eq. (5), i.e. it depends on its previous values 22
1 ,, qnn −− σσ  . Therefore, the system 

of Eqs. (6) cannot be explicitly solved on θ, so in practice, it is usually used by some 
of the iterative methods for approximate finding of the estimated values. The basic idea 

of these methods is the forming of a recurrence sequence ( )nθ̂  that converges to the 

optimal parameter values θ̂ , for which the likelihood function L(θ) attains its maximum. 
The best known method of the numerical determining the parameters estimates is the 
Newton-Raphson iterative method, based on the following assumptions:

Let θ0 be the initial value of an unknown parameter θ, and notice the gradient vector of 
the likelihood function:

( ) ( )
0

Lg 0 θθθ
θθ =∂

∂
=

                                                      (9)

as well as the so-called Hessian:

( ) ( )
0

2

0 θθθθ
θθ =∂∂

∂
−= T

LH
                                                    (10)

which represents matrix with the second order partial derivatives of the likelihood 

function L(θ). If θ̂  is the estimated value of the parameter θ, for which the function 

L(θ) attains the maximum, it will be ( )
0

ˆ
=

∂

∂

θ
θL , i.e.

( ) ( )0
1

00
ˆ θθθθ gH −+≈ .                                              (9)

The last equality clearly suggests the following iterative method for finding the 
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parameters estimates:

( ) ( ) ,2,1,ˆˆˆˆ
1

1

11 =+= −

−

−− kgH kkkk θθθθ                                  (10)

for which, under certain conditions, convergence can be shown (detailed proof can be 
found in [19]). Using the iterative method (10), with certain accuracy, UMV estimates of 
the GARCH-coefficients are easily obtained. A particular problem here is the selection 
of the initial values that should allow the beginning of a convergent iteration, which 
will be furthermore more elaborated.

The application of the models

The described method of the parameters estimation in the ARCH models can be relatively 
easily applied in practical analysis of the agricultural time series. The following Table 
1 shows the estimation results of the log-returns of cereals nominal monthly average 
exchange rates. Actual data series were observed in the period from 1970 to the first 
quarter of 2017, based on the data from the Economic Research Service of the United 
States Department of Agriculture. The sample sizes of these series is N = 576 and the 
summary statistics of the all of them are presented in the Table 1. 

Table 1. The summary statistics of the monthly log-returns (and their squares) of the 
cereals nominal exchange rate.

Source: Authors’ computation in Excel, 2017.
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A simple comparison of the shown values can give the explanation why these series 
can be fitted by the models of ARCH/GARCH type. First of all, these series can be 
interpreted as martingale differences, because their means and autocorrelations 
ACF(k) for non-zero lags (k = 1,2,3) are almost zero, i.e. they have no significant 
autocorrelation. On the other hand, squared series (hn

2) have emphasized ACFs, which 
are the evidence of volatility clustering. In addition, the existence of clustering, as a 
feature of grouping data with low or pronounced volatility, indicates high values of 
kurtosis, also. This results in the emphasis “tails” of the empirical data distributions (a 
typical such situation is shown in Figure 3).

Figure 3. Empirical distribution (histogram) of the log-returns in comparison with Gaussian 
distributions.

Source: Authors’ computation in statistical programming language “R”, 2017.

The following two Tables 2 and 3 show the estimated parameters’ values of ARCH 
(p) model, when p = 1,2,3, as well as GARCH (1,1) model, respectively. In addition, 
two typical goodness-of-fit statistics: Residual Standard Errors (RSE) and Akaike’s 
Information Criterion (AIC) have been estimated. Additionally, in the case ARCH-
modelling, the estimated values of the Fisher’s F-statistic are computed, along with 
their estimated p-values (shown in brackets). 

According to the values shown in Table 2, it can be easily seen that ARCH-models of 
different order p have similar characteristics. The estimated values of the goodness-of 
fit statistics are close to each other, whereby the RSE-scores have a relative small and 
the AIC-scores  pronounced negative values. Thus, ARCH-models can be adequate 
theoretical models for describing the dynamics of the observed agricultural indexes. 
Finally, it should be noted that F-statistics have relative pronounced values in the case 
of exchange rate data of the corn and rice time series. This indicates that there is a 
significant difference between the variances of the squared series (hn

2), compared to its 
previous realizations. On the other hand, in the case of wheat and soybeans time series, 
no significant difference is detected.
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Table 2. The estimated values of the ARCH model’s parameters and the goodness-of-fit 
statistics.

Order of 
models

Estimated 
values

Products

Corn Rice Wheat Soybeans

p = 1

α0 1.820E-4 1.475E-4 2.216E-4 2.369E-4
α1 3.935E-3 3.640E-3 2.334E-4 4.834E-4

RSE 4.411E-4 4.795E-4 1.505E-3 2.327E-3
AIC -7262.1 -7166.0 -5848.3 -5346.4

F-statistic
(p-values)

8.311** 
(4.090E-3)

4.927* 
(2.683E-2)

3.070E-3 
(0.9558)

5.871E-3 
(0.9390)

p = 2

α0 1.823E-4 1.468E-4 2.221E-4 2.376E-4
α1 3.207E-3 2.961E-3 1.019E-3 2.552E-4
α2 2.722E-3 3.157E-3 5.311E-3 1.187E-3

RSE 4.400E-4 4.784E-4 1.504E-3 2.329E-3
AIC -7263.8 -7167.5 -5847.9 -5344.4

F-statistic 
(p-values)

4.949** 
(2.561E-3)

4.249** 
(1.473E-2)

0.779 
(0.4591)

1.994E-2 
(0.9803)

p = 3

α0 1.825E-4 1.460E-4 2.227E-4 2.379E-4
α1 3.341E-3 3.070 E-3 9.077 E-4 2.278E-4
α2 2.060E-3 2.428E-3 2.428E-3 1.073E-3
α3 2.344E-3 3.284E-3 4.511E-3 6.172E-3

RSE 4.394E-4 4.772E-4 5.305E-3 2.331E-3
AIC -7264.6 -7169.4 -5847.4 -5342.4

F-statistic 
(p-values)

6.030** 
(2.122E-3)

4.131** 
(6.509E-3)

1.308 
(0.3753)

1.632E-2 
(0.9972)

Source: Authors’ computation in statistical programming language “R”, 2017.

After that, we estimated coefficients of the GARCH (1,1) model. The previous estimated 
coefficients of ARCH(1) model (wherein β1=0) were taken as the initial estimates, which 
were previously determined by the standard QML procedure. The estimated values 
of GARCH (1.1) model, obtained by using the Newton-Raphson algorithm, for the 
aforementioned empirical agricultural series of cereals exchange rate indexes, are shown in 
Table 3. For all of these agricultural empirical data, we have also compared the efficiency 
of their fitting when the GARCH model was used. Thus, in the same Table 3, the estimated 
values of RSE and AIC are also presented. Note that, in comparison to ARCH-modelling, 
the estimated values of the goodness-of-fit statistics are generally less when the GARCH 
model has been applied, as an appropriate fitting model. Therefore, the GARCH model 
can be a more adequate theoretical model for fitting these series. This can also be seen in 
Fig. 4 where the empirical distributions (histograms) of the all observed data series were 
compared with the theoretical distributions, obtained by fitting with ARCH, as well as with 
GARCH models. As it can be easily seen, in all of these cases, GARCH modelling provides 
somewhat better match to the appropriate empirical distributions.
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Table 3. The estimated values of the GARCH(1,1) model’s parameters, and the 
goodness-of-fit statistics.

Estimated 
values

Products

Corn Rice Wheat Soybeans

α0 4.794E-5 3.137E-5 4.519E-5 4.884E-6
α1 1.452E-1 1.320E-1 7.098E-1 1.000E-8
β1 5.884E-1 6.558E-1 4.219 E-1 9.797E-1

RSE 1.677E-4 1.652E-4 6.001E-5 3.979E-6
AIC -7563.2 -8335.4 -71724.3 -6451.5

Source: Authors’ computation in statistical programming language “R”, 2017.

Figure 4. The empirical distributions of the log-returns of cereals nominal exchange rate in 
comparison with probability density of the fitted conditional heteroskedastic models.

Source: Authors’ computation in statistical programming language “R”, 2017.
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Conclusion

In this paper, the conditional heteroskedastic processes were used as stochastic models 
for the description of the dynamics of the agricultural exchange rate of cereals. Using 
the aforementioned estimation procedures, the appropriate theoretical models were 
obtained for which it was formally shown that they can qualitatively fit the empirical 
data, or their distribution. Of course, the above mentioned estimation procedures, as 
well as the choice of models themselves, should not be understood as universal. In 
contemporary statistical analysis of the behaviour of financial (or some other) indexes, 
in addition to different modifications of the (G)ARCH type models, some other related 
models are used (see, for instance (Durhan, 2007), (Huang, Fok, 2001),  (Kapetanios, 
Tzavalis, 2010), (Pažun et al., 2016). Similarly, various procedures for estimating 
unknown coefficients of the corresponding theoretical model can be used (Sangjoon et 
al., 1998), (Singleton, 2001). In this way, one of the future guidelines in further research 
would be the application of such or similar models in fitting, i.e. precise description of 
the behaviour of agricultural time series.
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NELINEARNO STOHASTIČKO MODELOVANJE DINAMIKE 
RAZMENA POLJOPRIVREDNIH PROIZVODA

Aleksandar Damnjanović5, Neđo Danilović6, Erol Mujanović7, Zoran Milojević8

Apstrakt

Cilj ovog rada je istraživanje nekih od najvažnijih finansijsko-stohastičkih modela na 
osnovu kojih se može opisati dinamika razmene poljoprivrednih proizvoda. Ova dinamika, 
obično, ima svojstva nelinearnosti, zbog čega su takozvani uslovni heteroskedastički 
modeli korišćeni kao osnovni modeli koji mogu precizno opisati njeno ponašanje. Osnovna 
stohastička svojstva ovih modela, kao i procedure za ocenu njihovih parametara su ovde 
takođe istražena. Konačno, uslovni heteroskedastički modeli su primenjeni u fitovanju 
empirijskih podataka: nominalnih prosečnih indeksa razmene žitarica između SAD i 
drugih zemalja.

Ključne reči: vremenske serije, stohastičko modelovanje, razmena poljoprivrednih 
proizvoda.
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